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Most scroll compressor models are based on a geometrical description of the scroll wraps. Since geometry is one of the
main factors affecting the efficiency of the compressor, a complete description of the geometry of scroll wraps has to
be known in order to establish an accurate thermodynamic model. Most authors do not yield an analytical expression
of the discharge chamber, also because their assumptions are questionable. This paper gives a novel description of the
geometry based on the parametric equations for the circle involutes in a novel reference system, in order to exploit the
symmetry of the compressor. This approach simplifies the scroll model and yields an exact analytical expression of
the compression and discharge chamber volumes, together with all the geometrical parameters and constraints, thus
allowing the compressor to be optimized geometrically. The existence conditions of the conjugacy points, as well as
the manufacturing constraints are also considered.
1. INTRODUCTION
The scroll compressor is a machine used for compressing air or refrigerant, which was originally invented in 1905 by
a French engineer named Léon Creux (Creux, 1905). The device consists of two nested identical scrolls constituted in
the classical design by involutes of circle as shown in FIG. 1(a). The two scrolls, whose axes of rotation do not meet
each other, are assembled with a relative angle ofπ, so that they touch themselves at different points and form a series
of growing size chambers.
The main advantages of the scroll compressor are the small number of moving parts, a high efficiency and a low
level of noise and vibrations. However, one of the main problems encountered in developing scroll compressors is the
design of the scroll profile which plays a key role in their performances.
Many geometric shapes for scroll compressors have been investigated in a lot of papers and patents. Most of the works
have focused only on the interpolating curves by using circle involutes (Lee and Wu, 1995; Hirano et al., 1990; Chen
et al., 2002; Halm, 1997). One of the authors (Gravensen et al., 1998; Gravensen and Henriksen, 2001) redefined the
entire geometry of the spiral with two planar curves where the involute is a special case.
This paper proposes a new way to describe the geometry inspired by the work of Halm (1997) where the symmetries
can be exploited and the optimization can be made taking into account the physical constraints.
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2. FIXED SPIRAL GEOMETRY
2.1 Circle involutes
The shape of the investigated scroll can be described by an involute of circle. The scroll is therefore defined by two
involutes that develop around a common basic circle with radiusrb and are offset by a constant distance. The fixed
spiral can be described by:
∀ϕ ∈ Ifo = [ϕos, ϕmax]
Sfo
{
xfo(ϕ) = rb(cos ϕ + ϕ sinϕ)
yfo(ϕ) = rb(sinϕ− ϕ cos ϕ)
(1)
∀ϕ ∈ Ifi = [ϕis − ϕi0, ϕmax− ϕi0]
Sfi
{
xfi(ϕ) = rb(cos(ϕ + ϕi0) + ϕ sin(ϕ + ϕi0))
yfi(ϕ) = rb(sin(ϕ + ϕi0)− ϕ cos(ϕ + ϕi0))
(2)
whereSfo andSfi are respectively the outer and inner involutes. The anglesϕos andϕis are the outer and inner
starting angles,ϕmax the involute ending angle andϕi0 the initial angle of the inner involute.
The thickness of the scroll is
e = rb ϕi0 with ϕi0 > 0. (3)
2.2 Interpolating circle
The involutes describing the scroll start at an outer angleϕos atAo (Sfo(ϕos)) and an inner angleϕis atAi (Sfi(ϕis−
ϕi0)), respectively, and are connected by an arc belonging to the circleCc, constrained to be tangent to the inner
involute atAi as shown in FIG. 1(b). Hence the circle equations can be written as:
Cc =
{
xC(ϕ) = rc(tc) cos(ϕ) + xc(tc)




yc(t) = am t + bm
rc(t) =
√
(xc(t)− xfi(ϕis − ϕi0))2 + (yc(t)− yfi(ϕis − ϕi0))2
tc =
xfi(ϕis − ϕi0) + (yfi(ϕis − ϕi0)− bm) tan(ϕis)
1 + am tan(ϕis)
am = −
xfi(ϕis − ϕi0)− xfo(ϕos)
yfi(ϕis − ϕi0)− yfo(ϕos)
bm =
(








yfi(ϕis − ϕi0)− yfo(ϕos)
)
Depending onϕis andϕos, the circle, as seen from the outside of the scroll, can be either concave (FIG. 2(a)) or








< 0 concavity → the circle goes fromAi to Ao (FIG. 2(a))





OAi = r2b (ϕis − ϕi0)
c1 cos(ϕos − ϕis)− c2 sin(ϕos − ϕis) + c3
ϕos cos(ϕos − ϕis)− sin(ϕos − ϕis) + (ϕi0 − ϕis)
(6)
where  c1 = 2 (ϕos (ϕi0 − ϕis)− 1)c2 = 2 (ϕos + ϕi0 − ϕis)
c3 = ϕ2os + ϕ
2
i0 − 2 ϕi0 ϕis + ϕ2is + 2
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(b) Overview of a spiral
Figure 1: Schematic of a scroll compressor and the spiral
3. SCROLL COMPRESSOR GEOMETRY
3.1 Orbiting scroll
The geometry of the orbiting scroll is the same as the fixed one but is offset byπ and the two scrolls are in conjugacy.
Definingθ as the orbiting angle, it follows:
∀ϕ ∈ Imo = [ϕos, ϕmax]
Smo
{
xmo(ϕ, θ) = rb(cos(ϕ + π) + ϕ sin(ϕ + π)) + ro cos(θ + 3π/2)
ymo(ϕ, θ) = rb(sin(ϕ + π)− ϕ cos(ϕ + π)) + ro sin(θ + 3π/2)
(12)
∀ϕ ∈ Imi = [ϕis − ϕi0, ϕmax− ϕi0]
Smi
{
xmi(ϕ, θ) = rb(cos(ϕ + ϕi0 + π) + ϕ sin(ϕ + ϕi0 + π)) + ro cos(θ + 3π/2)
ymi(ϕ, θ) = rb(sin(ϕ + ϕi0 + π)− ϕ cos(ϕ + ϕi0 + π)) + ro sin(θ + 3π/2)
(13)
wherero is the orbiting radius andro = rb (π − ϕi0) with 0 < ϕi0 < π andrb > 0.


















Figure 2: Convexity and concavity of the interpolating circle
3.2 Novel reference frame
In literature the reference frame shown in FIG. 3(a) is employed. Here a novel reference frame is presented (see
FIG. 3(b)) in order to exploit the symmetry of the two scrolls. In this frame, the parametric equations of the fixed
scroll are given by:
S ′fo
{
x′fo(ϕ) = rb(cos ϕ + ϕ sinϕ)− 1/2 ro cos (θ + 3 π/2)




x′fi(ϕ) = rb(cos(ϕ + ϕi0) + ϕ sin(ϕ + ϕi0)))− 1/2 ro cos (θ + 3 π/2)
y′fi(ϕ) = rb(sin(ϕ + ϕi0)− ϕ cos(ϕ + ϕi0)))− 1/2 ro cos (θ + 3 π/2)
(15)
and of the orbiting scroll are given by:
S ′mo
{
x′mo(ϕ, θ) = −x′fo(ϕ, θ)




x′mi(ϕ, θ) = −x′fi(ϕ, θ)
y′mi(ϕ, θ) = −y′fi(ϕ, θ)
(17)
3.3 Points of conjugacy
Thekth point of conjugacyϕCfimo−fi,k between the fixed inner involute (fi) and the orbiting outer involute (mo) on
the fixed inner involute (fi) is given by:
ϕCfimo−fi,k = θ − ϕi0 + 2kπ k ∈ Z. (18)
Thekth point of conjugacyϕCfimo−mo,k between the fixed inner involute (fi) and the orbiting outer involute (mo)
on the orbiting outer involute (mo) is given by:
ϕCfimo−mo,k = θ − π + 2kπ k ∈ Z. (19)















(b) Novel reference frame
Figure 3: Novel reference frame
Using the same notations, thekth point of conjugacy between the fixed outer involute and the orbiting inner involute,
repectively, on the fixed outer involute and the orbiting inner involute is given by:
ϕCfomi−fo,k = θ − π + 2kπ k ∈ Z, (20)
ϕCfomi−mi,k = θ − ϕi0 + 2kπ k ∈ Z. (21)
Then, finally, the coordinates of the points of conjugacy are:
fixed inner involute :
(





fixed outer involute :
(
−x′fi(ϕCfime−fi,k , θ) , −y′fi(ϕCfime−fi,k, θ)
)
(23)
Assuming that fork > 2 beingk ∈ {1..α}, whereα (α ∈ N) is the number of involute rotations (i.e.,ϕmax = α 2π)
all the points of conjugacy exist for allθ (θ ∈ ]0, 2π]), then it can be deduced:{
ϕCfimo−fi,k = θ − ϕi0 + 2(k − 1)π k ∈ {2..α}, ∀θ ∈]0, 2π]
ϕCfimo−fi,1 = θ − ϕi0 exists if max(ϕis , ϕos + π) ≤ θ
(24)
where0 ≤ ϕos ≤ π andϕi0 ≤ ϕis ≤ 2π.
4. ESTIMATION OF THE CHAMBER VOLUMES
4.1 Compression chamber
The surface of thekth compression chamber between the fixed inner involute and the orbiting outer involute can be



























= r2bπ (π − ϕi0)(4kπ − 3π + 2θ − ϕi0) (25)
Taking into account the existence conditions of the points of conjugacy:{
Sfi,mo,k(θ) = r2bπ (π − ϕi0)(4kπ − 3π + 2θ − ϕi0) ∀k ∈ [2..α− 1]
Sfi,mo,1(θ) = r2bπ (π − ϕi0)(4π − 3π + 2θ − ϕi0) exists if max(ϕis, ϕos + π) ≤ θ
(26)
The volume is immediately deduced by multiplying it with the constant scroll height.
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4.2 Discharge chamber
The computation of the surface of the discharge chamber takes into account the concavity and convexity cases (FIG. 4).
The whole discharge surfaceSd is computed in accordance with what is shown in FIG. 4:
Sd =
{
2 (S1 + S2) = 2 (S1 + S21 − S22 + S23) if concave




























1 if max(ϕis, ϕos + π) ≤ θ
2 otherwise (28)




rc(tc)2|ϕ′i − ϕ′o| (30)
S23 = At(xc(tc), yc(tc), xAi , yAi , xAo , yAo) (31)
beingAt(xA, yA, xB , yB , xC , yC) the area of triangle whose vertices areABC, computed as:
At(xA, yA, xB , yB , xC , yC) =
1
2
|yC · xA + xC · yB − xC · yA − yC · xB + yA · xB | (32)
The volume is immediately deduced by multiplying it with the constant scroll height.







































Figure 4: Discharge chamber






















(a) Concave:rb = 1.91 · 10−3 m, ϕis = 2.571 rad,ϕi0 =





















(b) Convex:rb = 1.91 · 10−3 m, ϕis = 3.471 rad,ϕi0 =
1.471 rad,ϕos = 1 rad
Figure 5: Surfaces of the chambers vs. orbiting angle (examples)
5. CONCLUSION
The efficiency of the scroll compressor is dictated by its geometry. Hence, a complete description of the model is
required, also to determine an accurate thermodynamic model. For this purpose, a novel geometry description is
proposed here. It exploits the symmetry of the scroll compressor by using a novel reference frame. This choice allows
the scroll model to be simplified and yields exact analytical expressions for the compressor and discharge chamber
volumes, together with all the geometrical parameters and constraints for the optimization of the scroll geometry.
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